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a b s t r a c t
In this work, a dual porosity model of reactive solute transport in porous media is
presented. This model consists of a nonlinear-degenerate advection–diffusion equation
including equilibrium adsorption to the reaction combined with a first-order equation for
the non-equilibrium adsorption interaction processes. The numerical scheme for solving
this model involves a combined high order finite volume and finite element scheme for
approximation of the advection–diffusion part and relaxation-regularized algorithm for
nonlinearity-degeneracy. The combined finite volume-finite element scheme is based on
a new formulation developed by Eymard et al. (2010) [10]. This formulation treats the
advection and diffusion separately. The advection is approximated by a second-order local
maximum principle preserving cell-vertex finite volume scheme that has been recently
proposed whereas the diffusion is approximated by a finite element method. The result
is a conservative, accurate and very flexible algorithm which allows the use of different
mesh types such as unstructuredmeshes and is able to solve difficult problems. Robustness
and accuracy of the method have been evaluated, particularly error analysis and the rate
of convergence, by comparing the analytical and numerical solutions for first and second
order upwind approaches. We also illustrate the performance of the discretization scheme
through a variety of practical numerical examples. The discrete maximum principle has
been proved.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
This paper develops a numerical solution of an advection–diffusion equation coupled with equilibrium nonlinear and
first-order non-equilibrium interaction processes. Such a problem models a groundwater solute transport in a porous or
fractured medium with mobile and immobile zones and rock surface adsorption (also called two regions, co-domain, dual
porosity or mobile and immobile). Both the interaction processes have substantial effects on the global solute transport in
the formof retardation and thus the accurate incorporation of the processes into the numerical computermodel is important
for qualitatively and quantitatively realistic predictions.
The solution of advection–diffusion problems with various additional processes is largely studied in both the fields
of groundwater technology and numerical mathematics, see e.g. [1,2]. The problem presented in this paper is a joint
generalization of two transport problems described in the literature:
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• The first referenced problem is the advection–diffusion problem coupled with non-equilibrium mobile–immobile
exchange and linear sorption isotherm in both zones. This problem has not been much studied from the numerical point
of view, see e.g. [3].
• The second one is the advection–diffusion problem with a nonlinear adsorption isotherm (in the mobile zone only)
described by a nonlinear-degenerate parabolic equation. Recently, several numerical schemes have been proposed for
solving this equation, see e.g. [4–6,2,7]. In this model the degeneration arising due to the adsorption function, which is
non-Lipschitz continuous, leads to a solution of finite speed propagation.
In this paper we combine both situations, i.e. non-equilibrium mobile-immobile interaction and nonlinear adsorption
isotherms. On the other hand, we will also consider the nonlinear-degenerate adsorption isotherm, which has importance
in the application.
Numerical approximation of the advection–diffusion problem is problematic, especially in the multi-dimensional
problemsdue to the dominance of the hyperbolic behavior. Therefore, application of a numericalmethodwith lownumerical
diffusion is highly promising to capture the mathematical properties of the physical systems and to handle discontinuities
without introducing nonphysical oscillations. Our attention is focused on two approaches: the first one is the modified
method of characteristics with adjusted advection scheme MMOCAA proposed [8] and developed [5,6,9] (we called it
CMMOC). The second approach that we will consider in this paper is a combined finite volume-finite element scheme
proposed [10]. The approximation procedure for these two approaches can be interpreted as two stages: the transport stage
and the approximation of the diffusion stage. The advantages of both of these methods are to get flexible conservative and
shock capturing schemes with a low numerical diffusion.
Wewill approximate the advection part (transport term) using a higher-order accuracy upwind finite volumemethod. A
first order accurate upwind scheme has been applied successfully for a wide range of problems. This scheme, however, still
introduces a small amount of numerical diffusion when simulating some flow problems with steep gradients. In addition,
for useful engineering and biomedical applications, see e.g. [11,12], accuracy is desired. Therefore, high-order upwind
techniques can be adopted for a better accuracy and to eliminate the numerical dispersion. It is worth mentioning that
local mesh refinement is also a reliable tool to improve the accuracy and to decrease the numerical dispersion, but this will
not be considered in this paper.
Several techniques have been proposed in the literature to deal with a higher order flux reconstruction approximation.
Themost promising high order shock capturing anti-dissipative constructions areMUSCL, ENO,WENO. In this work a higher
order flux reconstruction will be carried out using the MUSCL – Monotone Upstream Scheme that was introduced [13].
Many attempts have been made to develop efficient MUSCL methods on a multidimensional unstructured mesh for cell-
vertex, see e.g. [14,15] and cell-centered finite volume schemes, see e.g. [16,17]. However, for problemswhich have solutions
with strong variations, high order methods might have non-physical oscillations, near the discontinuities. To prevent this,
and to get TVD (monotonic) scheme, slope limiting procedures are required to suppress the oscillations at discontinuities.
In addition to the accuracy problems, mathematical properties are not preserved from one dimension to multidimen-
sional problems. Calgaro et al. [18] pointed out that higher order schemes with slope limiters do not necessarily satisfy the
local maximum principle for multidimensional problems. They have proposed an alternative flux reconstruction scheme,
which we will consider in this work, for the vertex based finite volume method. Numerical experiments have shown that
this scheme gives accurate results of second order and satisfies a local maximum principle and L∞ stability, proofs have also
been given there.
The diffusion term is approximated by a conforming piecewise linear finite element discretization, which is second-order
accurate in space. The finite element method has important features: it is capable of handling the complex geometries,
avoiding the constraints on the mesh and ease of formulation for adaptive mesh refinement. Moreover, higher order finite
volume approximation to the diffusion fluxes (viscous terms) leads to a large stencil matrix which is quite dense, e.g. using
second order spatial approximation for computing the Laplacian in a control volume needs three levels of control volumes
(neighbors) in the stencil, see e.g. [19].
Several authors have introduced different formulations for a combined finite volume scheme, for the inviscid terms,
with finite element approximation for the viscous terms among others, see e.g. [20,21]. Another version of a combined
finite volume-finite element approach has been proposed by [22] which is close to a discontinuous Galerkin method. Most
recently Eymard et al. [10] have introduced a new combined finite volume–finite element scheme (FV–FE) which can handle
different types of mesh e.g. unstructured and non-match meshes and is able to solve problems with anisotropic diffusion. It
is worth mentioning that using the linear flux construction finite volume scheme combined with a linear finite element for
triangular meshes leads to a scheme of second order accuracy in space.
The aim of this work is to develop an efficient approximation scheme for solving advection dominant diffusion, nonlinear
and may be degenerate, model in two dimensions and also suitable for solving large-scale 3D problems with different
complexities. In this scheme, the problem of degeneracy is controlled by a regularization to the degenerate function,
non-linearity is treated efficiently via relaxation, see [23,4–6,2]. In addition, a combined finite volume — finite element
scheme [10] is used to deal with the advection-dominated diffusion problem. We approximate the advection term by using
the MUSCL cell vertex second order finite volume method whereas the diffusion is approximated by the conformal finite
elementmethod. This scheme combines two properties, the conservation of the finite volume and the flexibility of themesh
construction through the approximation of the diffusion term using the finite element method.
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Fig. 1. Scheme of coupled transport processes on the level of representative elementary volume (REV) in porous or fracturedmedia withmobile/immobile
zone: (1) advection and hydrodynamic dispersion, (2) non-equilibrium diffusive transfer between mobile and immobile zone, (3) equilibrium adsorption
in mobile zone, (4) equilibrium adsorption in immobile zone.
The following sections of this paper are structured as follows: In Section 2, we briefly describe the double porositymodel.
Section 3, describes a combined finite volume-finite element scheme. Second order flux reconstruction, flux limiter and the
proof of the discrete maximum principle are presented in Section 4. Section 5 contains accuracy and shock capturing tests
in addition to a variety of numerical simulations to our model.
2. The coupled mathematical model
Weconsider the solutemass transport in the porous or fracturedmedia,where the pore space is divided into onepartwith
mobile water and the other part with immobile water (dead-end pores or rock matrix). The advection and hydrodynamic
dispersion (diffusion) is present in the mobile water and the solute transfer between both zones is governed by a diffusion
mechanism and is represented by a first-order interaction. Next the equilibrium adsorption of solute on the solid phase
surface independently in mobile and immobile zones is included and governed by a so-called isotherm, a relation between
solute and sorbed concentration, in general non-linear.
The transport interactions can be expressed as four interacting continua as illustrated in Fig. 1: solute in mobile water,
sorbed from mobile water, solute in immobile water, sorbed from immobile water. For a complete problem definition,
i.e. limitation of physical approximation (concept of representative elementary volume REV), equation derivation, and the
meaning of physical quantities, we refer to the groundwater literature [24,25].
Then our model can be formulated as a coupled system of partial differential equations of the form:
∂βm(c)
∂t
+∇ · (cv¯)−∇ · (D∇c)+ Fm(c)− α(c˜ − c) = qc, (2.1)
∂βim(c˜)
∂t
+ Fim(c˜)+ α(c˜ − c) = 0, (2.2)
for two unknown functions c(x, t)mobile concentration and c˜(x, t) the immobile concentration (the notation used here is
to simplify the sub/superscripts in the numerical scheme),D is the tensor of hydrodynamic diffusion/dispersion, v¯ thewater
flow velocity, qc the source/sink term (mass per time and total volume) and α represents themobile–immobile transfer rate.
The functions βm, βim represent the sum of solute and sorbed mass (per unit volume of media) related to the particular
zone and are defined as:
βm(c) = nmc + φϱs fm(c), (2.3)
βim(c˜) = nimc˜ + (1− φ) ϱs fim(c˜), (2.4)
where nm, nim themobile and immobile porosities, the parameterφ describes the fractioning of the sorption surface between
themobile and immobile zone (i.e. independent of the fractioning pore space by nm and nim) and ϱs is the solid phase density.
The functions fm, fim are the respective sorption isotherms, the standard cases from the groundwater literature:
- linear isotherm f (c) = Kdc , Kd > 0.
- Freundlich isotherm f (c) = KF ca, KF > 0 (linear isotherm for a = 1),
- Langmuir isotherm f (c) = KL s¯max c1+KLc , KL, s¯max > 0.
All the isotherms are increasing functions of c (the default assumption is that c is nonnegative). The difficulty arises for
the Freundlich isotherm for a < 1, where the functions f () and β() have infinite derivative at c = 0 (degeneration).
The functions Fm, Fim are general reaction terms, the main important example is the radioactive decay, F(c) = λβ(c),
where the decay constant λ = ln 2/T1/2, T1/2 is the half-life.
3. Finite volume-finite element scheme
3.1. Time and space discretization
First, wewill assume throughout this paper that the velocity field v¯ : R×R2 → Rd, d = 1, 2, satisfies the divergence free
condition. Moreover, for the sake of simplicity, the system (2.1)–(2.2) is augmented with Dirichlet’s boundary conditions
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Fig. 2. Finite element triangles combined with finite volume cells and the triangles and cells on the boundary.
Fig. 3. A control volume around vertex Vi .
c(x, t) = 0, on (0, T )× ∂Ω, (3.5)
with the following initial conditions
c(x, 0) = c0(x), c˜(x, 0) = c˜0(x), x ∈ Ω, (3.6)
where T > 0 is a constant and ∂Ω is assumed to be the Lipschitz boundary of a given domain Ω ⊂ Rd. We describe
the solution by means of a finite-volume approach, but the procedure can be equivalently done for other discretization
techniques as finite differences and finite elements with suitably chosen unknowns. Now, we present the approximation
scheme of the problem (2.1)–(2.4). We start from the standard finite element notation. Let us denote by tn = nτ , τ =
T
n , n ∈ N. We discretize the computational domainΩ by using a primal mesh Th such that Ω¯ = ∪Tk∈Th Tk, k = 1, . . . , K , Tk
is a polygon (triangles/tetrahedrons). Moreover, the set of all vertices Vi, i ∈ [1; I] of Th is denoted byVh. LetV(i) be the set
of the indices of the neighboring nodes Vj which are vertices of the elements Th sharing the common point Vi, (see Fig. 2).
We consider a finite volume cell-vertex approximation on a second partition called a dual mesh and denoted by Dh,
which can be a non-overlapping non-matching partition (the intersection of two neighbor elements may not be a common
vertex, edge, or face). Then the partition Dh of the domain problem is the set of discrete volumes, control volumes, such
that Ω = ∪Di∈Dh Di. For Di ∈ Dh, we denote by Fi the set of such subsets Γi ⊂ ∂Di that there exists Dj ∈ Dh such that
Γij = ΓDi,Dj = ∂Di ∩ ∂Dj has a positive (d − 1)-dimensional Lebesgue’s measure. The control volume Di, is obtained by
joining the barycenters Bk of all the triangles Tk that contain the vertex Vi. In this way, we get the boundary ∂Di of the
vertex-centered cell Di (see Fig. 3). We recall that V(i) also represents the set of all vertices Vi ∈ Vh such that there exists
an edge of the dual gridDh between Vi and Vj. Also we introduce the following finite dimensional space:
Xh = {φh ∈ C(Ω) : φh|Tk is linear ∀Tk ∈ Th, φh(Vj) = 0, ∀Vj ∈ T exth ⊂ ∂Ω}.
We denote by cni and c˜
n
i the unknown concentrations associated with a finite volume Di ∈ Dh at time tn in the mobile
and immobile zone respectively. A semi-implicit time discretization will be used to advance the equations in time. We
approximate the transport part by explicitly using a finite volume schemewhereas the diffusion is approximated by amixed
implicit–explicit approximation of the finite element method. Then the resulting finite volume-finite element scheme for
mobile and immobile zones is:
cni ≈
1
Di
∫
Di
c(x, tn)dx, c˜ni ≈
1
Di
∫
Di
c˜(x, tn)dx,
λni,l
cni,l − cn−1i
τ
|Di| +
−
Γij∈Fi
v¯ni,jF {cn−1ij , cn−1ji } − (1− θ)
−
Dj∈Dh
Ani,j c
n
j,l − (1− θ)α(c˜ni,l − cni,l)|Di| + (1− θ)Fm(cni,l)|Di|
= Qc + θ
−
Dj∈Dh
An−1i,j c
n−1
j + θα(c˜n−1i − cn−1i )|Di| − θFm(cn−1i )|Di|,
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λ˜ni,l
c˜ni,l − c˜n−1i
τ
|Di| + (1− θ)α(c˜ni,l − cni,l)|Di| + (1− θ)Fim(c˜ni,l)|Di|
= −θα(c˜n−1i − cn−1i )|Di| − θFim(c˜n−1i )|Di|,
l = 1, . . . , i ∈ [1; I], cni,0 = cn−1i , c˜ni,0 = c˜n−1i , (3.7)
where the relaxation parameters λni,l and λ˜
n
i,l are defined as, see [23,4–6,2]:
λni,l =
βm(cni,l)− βm(cn−1i )
cni,l − cn−1i
, λni,0 = β ′m(tn−1, cn−1i ), (3.8)
λ˜ni,l =
βim(c˜ni,l)− βim(c˜n−1i )
c˜ni,l − c˜n−1i
, λ˜ni,0 = β ′im(tn−1, c˜n−1i ). (3.9)
To find β ′ in the degeneration case, for the Freundlich isotherm with 0 < a < 1, we can use the following regularization
β ′(s) = max{τ ,min{β ′(s), τ−1}} when s → 0,
or we can perturb the solution by adding a small ε > 0.
If |λni,l − λni,l−1|∞ ≤ cτ and |λ˜ni,l − λ˜ni,l−1|∞ ≤ cτ (l = 1, . . . , cτ is given) we put l = li, where li represents the number of
iterations in time ti. Then λni = λni,li , λ˜ni = λ˜ni,li and cni = cni,li , c˜ni = c˜ni,li .
In (3.7) θ ∈ [0, 1], Anij, v¯nij and Qc are defined as
Ani,j = −
−
Tk∈Th
(D˜n∇φVi ,∇φVj)Tk , D˜n =
∫ tn
tn−1
D(x, t)dt.
v¯nij =
∫ tn
tn−1
∫
Γij
v¯(x, t) · νijdσ(x)dt, Qc =
∫ tn
tn−1
∫
Di
qcdxdt,
where φVi ∈ Xh and νij is the unit normal vector on the side Γij.
The numerical flux F {cn−1ij , cn−1ji } is approximated using the following second order upwind scheme, which we will be
explained in the next section:
F {cn−1ij , cn−1ji } =

cn−1ij = cn−1i + p+ij ‖ViQij‖ v¯nij ≥ 0
cn−1ji = cn−1j + p−ij ‖VjQij‖ v¯nij < 0, (3.10)
where the definitions of p+ij , p
−
ij , Qij will be shown later.
Remark 3.11. Our scheme (3.7) is semi-implicit due to the explicit approximation to the advection term.We also can approximate
this term using the following numerical flux:
(1− θ)F {cnij , cnji } + θF {cn−1ij , cn−1ji }.
However, this will lead to more computational calculations.
Remark 3.12. The discretization of the transport problem with non-equilibrium mobile–immobile interaction with θ = 0 or
θ = 12 leads to the equation system of double size with respect to the diffusion-reaction problem with the same discretization
method. The matrix has a simple block structure

A B
B C

with three diagonal blocks B, C and one block A of the diffusion term.
Remark 3.13. There are two obvious approaches of the solution: to solve the matrix in its original form, i.e. the size 2N × 2N
(‘‘coupled method’’); or to perform a block substitution and transform the system to the size N × N, again with the equal fill
(‘‘algebraic substitution method’’) (A − C−1B2). These methods are introduced in [3], where they are classified as two different
methods of solving the original mobile-immobile transport problem, but they are in fact only variants of a solution of the discrete
algebraic system — they differ only up to the accuracy of the iterative algebraic solver.
4. Flux computing using a second order scheme
The first order upwind scheme, the Godunov scheme, avoids non-physical oscillations, but is unfortunately affected
by excessive numerical diffusion. The numerical diffusion problem can be avoided using a higher order reconstruction
procedure of the solution within each grid cell. This can be achieved by using a piecewise linear approximation to the
solution. To suppress over/under shooting of the solution in the vicinity of shock regions, which could appear due to this
approximation, a procedure called a slope-limiter can be defined, also called a flux-limiter, based on the local gradients of
4226 M.S. Mahmood et al. / Journal of Computational and Applied Mathematics 235 (2011) 4221–4236
the solution. The slope limiter works only on the non-smooth regions. As mentioned in the introduction we will use the
cell-vertex finite volume to approximate the advection jointly with MUSCL-flux reconstruction. It is worth mentioning here
that we avoid writing the interface value as the sum of the diffusive first order upwind term and an anti-diffusive one, this
could make the solution violate the local maximum principle, see [18].
Now, we define Γij = [Bi, Bj] as the interface between the nodes Vi and Vj, and we have to reconstruct the solution at
the node Qij = [Bi, Bj] ∩ [Vi, Vj]. In general, Qij is no longer the middle of [Vi, Vj], except in the case of uniform structured
meshes. The first step of the flux-reconstruction method is obtained by adding an approximated gradient as a second-order
accurate method resulting from approximating the solution c at time tn in each cell as a linear function of space, that is
cij = ci + p+ij ‖ViQij‖,
where the gradient p+ij can be computed from the downstream Ci,j
down and the upstream slopes Ci,jup. Clearly, the
downstream slope can be computed directly as:
Ci,jdown = cj − ci‖ViVj‖ .
Next, linear interpolation is performed for the upstream slope, for this purpose we define
Nij = (Vi, Vj[∩∂Di,
where (Vi, Vj[ is a line which cuts the boundary of the control volume Di at the point Nij, kij ∈ V(i) and ai,kij ∈ [0, 1]. Then
ViNij = ai,kijViVkij + (1− ai,kij)ViVkij+1,
CNij = ci + ai,kij(ckij − ci)+ (1− ai,kij)(ckij+1 − ci).
This linear interpolation yields that
Ci,jup = ci − cNij‖ViNi,j‖ .
Then, we apply an appropriate slope limiter:
Lim(Ci,jdown, Cijup).
We use a minimod Limiter (Reo, 1989):
Lim(a, b, ) :=
a if ab > 0 and |a| > |b|
b if ab > 0 and |a| < |b|
0 otherwise,
or equivalently a van-Leer limiter (1979) which is defined as:
Lim(a, b, ) :=
a+ |a|
1+ a if ab > 0
0 otherwise.
For the van-Leer limiter we need to define
ri,j = Ci,j
down
Ci,jup
, p+ij = Ci,jupΘ(ri,j), Θ(ri,j) =
ri,j + |ri,j|
1+ ri,j .
Then we get
cij = ci + p+ij ‖ViQi,j‖.
To get cji similar procedure can follow as above.
Remark 4.14. It is worth mentioning that on the boundary we have
Nij = Vi.
Consequently, we have only to compute the downstream Ci,jdown slope and then we take the average value of linear and nonlinear
flux reconstruction on the boundary.
4.1. Discrete maximum principle
Under suitable assumptions it is possible to show that our scheme (3.7) satisfies a discrete maximum principle. To make
the proof simple as much as possible, we will assume that the immobile concentration c˜ is always positive and bounded.
Then to prove the discrete maximum principle (L∞ stability) we also need the following assumptions:
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(H1) βm(s) is a continuous strictly increasing function,
(H2) v¯ ∈ L∞(Ω × (0, T ]),
(H3) D⃗(x, t) : Ω × (0, T ] → Rd×d is a symmetric positive definite d× dmatrix,
(H4) Fm(0) = 0, Fm is a nondecreasing continuous function such that sFm(s) ≥ 0 for s < 0 and s > 1,
(H5) qc = 0 and α > 0,
(H6) 0 ≤ c0 ≤ 1.
Theorem 1. Assume H1 –H6. Then the discrete solution cni of (3.7) satisfies the maximum principle
0 ≤ cni ≤ 1, n ∈ N, i ∈ [1; I], (4.15)
under suitable CFL number.
proof. First, for the elliptic term, in (3.7), since
Ani,i = −
−
Vj∈V(i)
Ani,j, A
n
i,j ≠ 0 only if Vj ∈ V(i),
see [10], we have−
Dj∈Dh
Ani,j c
n
j =
−
Vh
Ani,j c
n
j =
−
Vj∈V(i)
Ani,j (c
n
j − cni ).
We assume that
Ani,j ≥ 0.
Using the consistency property, for the whole domain i ∈ [1, I],−
Vj∈V(i)
F {cn−1i , cn−1i } = 0 or
−
Vj∈V(i)
FijWijkcn−1i = 0
the advection term, in (3.7), can be rewritten as:−
Γij∈Fi
F {(cn−1ij ), (cn−1ji )} =
−
Vj,Vk∈V(i)
FijWijk(cn−1i − cn−1k ),
where the coefficientsWijk depend on the slope limiter, see [18]. From the assumption H6 we obtain
0 ≤ c0i ≤ 1, ∀i ∈ [1; I]. (4.16)
Now, we prove the discrete maximum result (4.15) by induction, which is a standard way. Then we assume that:
0 ≤ cn−1i ≤ 1, ∀i ∈ [1; I]. (4.17)
We will use a semi-implicit scheme (3.7) with θ = 0. Hence our scheme (3.7) can be rewritten as:
λni
cni − cn−1i
τ
|Di| +
−
Vj,Vk∈V(i)
FijWijk(cn−1i − cn−1k )−
−
Vj∈V(i)
Ani,j (c
n
j − cni )− α(c˜ni − cni )|Di| + Fm(cni )|Di| = 0
or
λni (c
n
i − cn−1i )+
τ
|Di|
 −
Vj,Vk∈V(i)
FijWijk(cn−1i − cn−1j )−
−
Vj∈V(i)
Ani,j (c
n
j − cni )
− τα(c˜ni − cni )+ τFm(cni ) = 0. (4.18)
Since Dh is finite, there exist D0,D1 ∈ Dh such that cn0 ≤ cni ≤ cn1 , ∀Di ∈ Dh. We prove that cn0 ≥ 0 and cn1 ≤ 1 by
contradiction. We suppose first that cn0 < 0. The function βm is strictly increasing due to the assumption H1. Then from (3.8)
we find that
λn0 > 0. (4.19)
Hence, from (4.18) we get:
cn0 −
1− τ
λn0|D0|
−
Vj,Vk∈V(i)
FijWijk
 cn−10 + τλn0|D0|
−
Vj,Vk∈V(i)
FijWijkcn−1j

− τ
λn0|D0|
−
Vj∈V(i)
Ani,j (c
n
j − cn0 )−
τ
λn0
α(c˜n0 − cn0 )+
τ
λn0
Fm(cn0 ) = 0.
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Let
I =
1− τ
λn0|D0|
−
Vj,Vk∈V(i)
FijWijk
 cn−10 + τλn0|D0|
−
Vj,Vk∈V(i)
FijWijkcn−1j ,
where
0 ≤ I ≤ 1, (4.20)
due to (4.17) and the following CFL condition (satisfied for all λni ) for suitable small τ :
0 ≤ τ
λn0|D0|
 −
Vj,Vk∈V(i)
FijWijk
 ≤ 1. (4.21)
Then
cn0 −
τ
λn0
α(c˜n0 − cn0 )+
τ
λn0
Fm(cn0 )−
τ
λn0|Di|
−
Vj∈V(i)
Ani,j (c
n
j − cn0 ) ≥ 0.
Moreover, it follows from the assumptions H4, H5 and cn0 < 0 that
− τ
λn0
α(c˜n0 − cn0 )+
τ
λn0
Fm(cn0 ) ≤ 0.
Then we get
cn0 −
τ
λn0|D0|
−
Vj∈V(i)
Ani,j (c
n
j − cn0 ) ≥ 0.
Now, because of−
Vj∈V(i)
Ani,j (c
n
j − cn0 ) ≥ 0,
we have cn0 ≥ 0 which is a contradiction. Let us now suppose that cn1 > 1. Clearly
λn1 > 0. (4.22)
Then by the same argument we can verify
τ
λn1
Fm(cn1 ) ≥ 0
due to the assumption H4. Then from (4.18) we have
cn1 − I −
τ
λn1|D1|
−
Vj∈V(i)
Ani,j (c
n
j − cn1 )−
τ
λn1|D1|
α(c˜n1 − cn1 )|D1| ≤ 0.
Note that under the assumption c˜n1 ≤ cn1 and cn1 > 1 we have
τ
λn1|D1|
−
Vj∈V(i)
Ani,j (c
n
j − cn1 )+
τ
λn1|D1|
α(c˜n1 − cn1 )|D1| ≤ 0.
Therefore, from (4.21) we have
cn1 ≤ 1,
which is also a contradiction and we conclude the proof. 
For fully explicit scheme (3.7), θ = 1, the discretemaximumprinciple can be guaranteed by a suitable CFL-stability condition
number.
It worth mentioning that for the semi-implicit scheme the CFL number is, see [18]:
τ
λni |Di|

‖v¯‖∞

2+ 7τ˜Cτ˜h
12
−
|Γij|

≤ 1. (4.23)
The constant Cτ˜h measures the mesh size variation from an element to a neighboring one and characterizes the mesh
regularity and τ˜ depends on the limiter type.
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Fig. 4. Case I. The linear solution on a structured mesh at time t = 2, N = 6.
Fig. 5. Case II. The linear solution on an unstructured mesh at time t = 2, N = 6.
5. Numerical experiments
In our 2D numerical experiments we use two types of meshes: a structured uniformmesh and an unstructured Delaunay
mesh. The coarsest structured and unstructured meshes are shown in Fig. 4 and 5, respectively. We have used the MATLAB
free software package [26] designed for generation of the coarsest unstructured mesh, Delaunay triangular (tetrahedral)
meshes. Next a mesh refinement is done as follows: by subdividing each triangle into four elements such that the grid
spacing, h, is halved and this procedure can be repeated four times resulting in five mesh levels 0, 1, 2, 3, 4 where the
number of elements for each level is shown in the following tables. Errors, using the discrete versions, in the L1(Ω) and
L∞(Ω) norms between the exact and approximation solutions are computed respectively as:−
Di∈Dh
|ci − canalytic ||Di|, max |ci − canalytic |, i ∈ [1, I].
The order of convergence is computed using the following formula:
R = log2

errorleveli
errorleveli+1

.
The purpose of the next two subsections is to verify/confirm the second order of accuracy and then to show the shock-
capturing capabilities of our scheme through testing several linear and nonlinear-degenerate models (dimensionless). In
the first two model problems, which aim to show the second-order accuracy of the scheme, we use the standard minmod
limiter. An explicit scheme will be used, θ = 1. Accordingly, the CFL-condition is required to get a stable numerical scheme
by taking the ratio between the time step τ and the mesh spacing h such that the CFL number is at most one.
In the third subsection, we aim to show the behavior of the solutions for linear single-region and nonlinear two regions
(dual porosity) models for different reactions, equilibrium and non-equilibrium.
Remark 5.24. To get a second order rate of convergence it is better to approximate the derivative with respect to time by using the
TVD Runge–Kutta discretization, see e.g. [27,28]. Then numerical errors are only attributed to the spatial discretization. However,
we have used a simple Euler approximation since our scheme (3.7) depends on the relaxation parameters.
5.1. Accuracy tests
To assess the accuracy and confirm the rate of convergence for linear andnonlinear-degenerate problems, in the following
examples we compare the numerical solutions of our FV-FE schemewith the available analytical solutions. We perform two
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Table 1
Linear case model results, first order upwind.
Number of elements h τ L1 R L∞ R
(structured)
725 1/8 0.0125 0.041084 0.24650
2729 1/16 0.0031 0.027170 0.596 0.18508 0.413
10,577 1/32 0.00077 0.016552 0.714 0.127308 0.539
41,633 1/64 0.00019 0.009455 0.807 0.079669 0.676
165,185 1/128 0.0000475 0.005135 0.880 0.045463 0.809
(unstructured)
694 1/8 0.0125 0.0729868 0.246536
2553 1/16 0.0031 0.0437213 0.739 0.1786537 0.464
9769 1/32 0.00077 0.0253048 0.788 0.1207534 0.565
38,193 1/64 0.00019 0.0140438 0.849 0.0735285 0.715
151,009 1/128 0.0000475 0.0074977 0.905 0.0408061 0.849
Table 2
Linear case model results, second order upwind.
Number of Elements h τ L1 R L∞ R
(structured)
725 1/8 0.0125 0.01120 0.09183
2729 1/16 0.0031 0.00525 1.106 0.05399 0.7663
10,577 1/32 0.00077 0.00184 1.498 0.02195 1.298
41,633 1/64 0.00019 0.00049 1.881 0.00732 1.583
165,185 1/128 0.0000475 0.00018 1.409 0.00275 1.408
(unstructured)
694 1/8 0.0125 0.02503 0.19160
2553 1/16 0.0031 0.01052 1.249 0.09329 1.03848
9769 1/32 0.00077 0.00381 1.463 0.04474 1.06021
38,193 1/64 0.00019 0.00113 1.745 0.02082 1.10326
151,009 1/128 0.0000475 0.00034 1.717 0.00875 1.25059
different sets of calculations for flux approximation of first order and second order flux reconstruction, we denote them by
case I and case II respectively. For each case, we investigate the numerical solution on uniform structured and unstructured
meshes.
Example 1 (Linear Advection–Diffusion).We will consider the following linear advection diffusion model problem
∂tc + v¯∂xc − D∂2x c = 0,
c(0, t) = erfc

t
D

, t > 0, limx→∞ c(x, t) = 0, c(x, 0) = 0, x > 0. (5.24)
The analytic solution can be obtained using a suitable transformation to convert the advection diffusion equation to a
diffusion equation and this can be solved analytically to get, see e.g. [29]
c(x, t) = 1
2
erfc

x− 2t
2
√
Dt

+ 1
2

2x
D

erfc

x+ 2t
2
√
Dt

, (5.25)
where
erfc(x) = 2√
π
∫ ∞
x
exp(−s2)ds.
We use the data v¯ = 2.0,D = 0.03 and the final time t = 2. In Tables 1 and 2 we present the errors and order of the
convergence, see also the corresponding discretization parameters. Apparently, we can observe that the errors and order
of convergence in case II are significantly better than in case I. Moreover, the solution for each level of refinement is more
accurate in case II than in case I. In case II we can see that the order of convergence reaches O(h1.4), O(h1.74) in L1(Ω)
and O(h1.58), O(h1.25) in L∞(Ω) for structured or unstructured meshes, respectively. Moreover, for both types of meshes,
structured or unstructured and for both norms L1(Ω) and L∞(Ω), we observe the ability of this scheme to give accurate
predictions with coarse meshes.
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Table 3
Non-linear case model results, first order upwind.
Number of elements h τ L1 R L∞ R
(structured)
725 1/8 0.0125 0.075519 0.42020
2729 1/16 0.0031 0.040101 0.913 0.28822 0.543
10,577 1/32 0.00077 0.022610 0.826 0.22884 0.332
41,633 1/64 0.00019 0.012314 0.876 0.17642 0.375
165,185 1/128 0.0000475 0.006453 0.932 0.11606 0.604
(unstructured)
694 1/8 0.0125 0.0775633 0.3119683
2553 1/16 0.0031 0.043313 0.840 0.2471411 0.336
9769 1/32 0.00077 0.0233033 0.894 0.1804092 0.454
38,193 1/64 0.00019 0.0122413 0.928 0.1149795 0.649
151009 1/128 0.0000475 0.0062589 0.967 0.064072 0.843
Table 4
Non-linear case model results, second order upwind.
Number of elements h τ L1 R L∞ R
(structured)
725 1/8 0.0125 0.04911 0.49497
2729 1/16 0.0031 0.01946 1.335 0.24282 1.027
10,577 1/32 0.00077 0.00711 1.452 0.11151 1.122
41,633 1/64 0.00019 0.002366 1.587 0.04462 1.321
165,185 1/128 0.0000475 0.00066 1.830 0.01445 1.626
(unstructured)
694 1/8 0.0125 0.03356 0.18845
2553 1/16 0.0031 0.01444 1.216 0.09876 0.932
9769 1/32 0.00077 0.00468 1.625 0.05556 0.829
38,193 1/64 0.00019 0.00126 1.888 0.0283 0.973
151,009 1/128 0.0000475 0.00040 1.648 0.01451 0.963
Example 2 (Nonlinear Advection–Diffusion). In this example, we test our scheme for a non-smooth solution of the following
nonlinear-degenerate advection diffusion model:
∂t(c + c1/2)+ ∂xc − D⃗∂2x c = 0,
c(0, t) = c0Ψ (t), c(x, 0) = 0, x > 0 (5.27)
whereΨ is a smooth increasing functionwithΨ (0) = 0 andΨ (t)→ 1 for t →∞, will be specified later. Notice that (5.27)
is a special case of (2.1), where the adsorption is in equilibrium mode and of Freundlich isotherm type. The exact solution,
c(x, t) = f (x− v¯t), is the traveling wave which is given by, see [4,2,5]
f (ξ) =
c0

1− exp

1
2D⃗
1
1+√c0 ξ
2
ξ < 0
0 ξ > 0.
(5.28)
Here v¯ =
√
c0
1+√c0 andΨ (t) = 1c0 f (−t¯). f (ξ)→ c0 for ξ →−∞, which can be easily justified. In our numerical experiments,
we choose D⃗ = 0.03, c0 = 1, i.e., v = 12 ,Ψ (t) = (1−exp(− t8D⃗ ))2. Since D⃗ is small,Ψ (t) is very close to 1 for t > δ > 0with
small δ. The convergence results and the discretization parameters are shown in Tables 3 and 4 at the final time t = 2. In our
numerical experiments it is sufficient to take 3 iterations, at each time step, to get a convergent solution. The real velocity
(retarded) of the contaminant transport equals 12 , while the water velocity of the model (5.27) equals 1. From Tables 3 and
4 it is obvious that the performance of the scheme in case II is better than the performance of the one in case I, where the
solution for each level of refinement is more accurate in case II than in case I. The results presented in Tables 3 and 4 for
case II demonstrate the L1(Ω) order of convergence of second order, O(h1.83) and O(h1.65) for structured and unstructured
meshes respectively. For the L∞(Ω) norm we observe the second-order convergence rate, O(h1.63), for a structured mesh.
However, a low order rate of convergence, in L∞(Ω) norm, is obtained O(h0.96) for an unstructured mesh.
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Fig. 6. Initial condition.
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Fig. 7. Comparison of case I and case II for nonlinear convection–diffusion equation.
5.2. Shock-capturing tests
Example 3 (Nonlinear — Degenerate 2D Problem with Anisotropic Diffusion). The goal of our numerical tests here is to
demonstrate that the second order combined finite volume and finite element method has low numerical diffusion, it has
an efficient shock capturing approach and has good convergence properties and produces the numerical solution without
oscillations. For this purpose, we simulate the following two-dimensional problems
∂t(c + ϱsβ(c))+ v¯∇c − D⃗1c = 0, (5.29)
with the following anisotropic diffusion/dispertion and velocity field:
D⃗ = 10−2

5 0
0 0.1

, v¯ = (1,−1)T ,
with homogenous Dirichlet boundary conditions. The initial condition and geometry of the problem is shown in Fig. 6. We
consider either β(c) = 0 for the advection–diffusion model without adsorption or β(c) = cp, p = 0.4, for the Freundlich
isotherm adsorption or β(c) = c1+c for the Langmuir isotherm. Here, the adsorption is in equilibrium case and ϱs = 0.5.
The computational domain is Ω = (−2, 20) × (−10, 5) with 12,058 and 47,875 grid points, for two levels level zero and
one respectively.
The solutions are computed over uniform structured meshes. It is worth mentioning that the ‘‘effective’’ advection and
diffusion are
v¯
1+ ϱsβ ′(c) and
D⃗
1+ ϱsβ ′(c) ,
respectively.
In Figs. 7–12 we compare the solutions of the following three cases:
1- linear advection–diffusion,
2- nonlinear advection–diffusion,
3- nonlinear-degenerate advection–diffusion,
at time T = 4 with time step τ = 0.005. The purpose of the simple 2D linear advection–diffusion is to show the benefit of
the second order flux approximation and to compare its solution behavior with the other two cases. In the two groups of
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Fig. 8. Comparison of case I and case II for nonlinear (Langmuir) convection–diffusion equation.
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Fig. 9. Comparison of case I and case II for nonlinear (Freundlich) convection–diffusion equation, level 0.
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Fig. 10. Comparison of case I and case II for nonlinear (Freundlich) convection–diffusion equation, level 0.
Fig. 7(a)–12(a) and Figs. 7(b)–12(b) the solutions are computed with the FV-FEmethod for both first order and second order
flux approximations, respectively.
Generally, these figures illustrate that there is a significant difference between the solutionwith andwithout adsorption.
According to the parameters given above the solution of the advection–diffusion problem without adsorption has less
physical diffusion than the solution with Langmuir adsorption, but it has larger diffusion than that with Freundlich
adsorption. Notice that the solution with Freundlich adsorption is not smooth and has a steep front profile.
Numerically, it is apparent that the numerical diffusion in Figs. 7(a)–12(a) using first order flux approximation is larger
than that in Figs. 6(b)–11(b) of second order. This shows that the fronts sharpen for second order approximation to the flux,
indicating that most of the spread is indeed due to the numerical methods and not the physical diffusion. This can also be
seen from the computed profiles under refinement in Fig. 11(a) and (b), using 47,875 grid points (level one) with time step
τ = 0.0005, compare the maximum values of solutions. Moreover, the sharp front for the degenerate case, in Fig. 10(b), is
captured better by second order flux approximation than the first order flux approximation for both levels zero and one in
Figs. 10(a) and 12(a) (of course Fig. 12(b) is much better than Fig. 10(b)).
4234 M.S. Mahmood et al. / Journal of Computational and Applied Mathematics 235 (2011) 4221–4236
0 1 2 3 4 5 6 7
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
x-axis
y-
ax
is
0
1
2
3
4
5
6
7
8
9
10
-3
0 1 2 3 4 5 6 7
0
0.5
1
1.5
2
2.5
3
3.5
4
4.5
5
x-axis
y-
ax
is
0
2
4
6
8
10
12
x 10x 10
-3
a b
Fig. 11. Comparison of case I and case II for nonlinear (Freundlich) convection–diffusion equation, level 1.
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Fig. 12. Comparison of case I and case II for nonlinear (Freundlich) convection–diffusion equation, level 1.
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Fig. 13. Results of the single-domain (equilibrium) non-linear model for various diffusion parameters.
5.3. Double porosity model
Next we will consider the full model (2.1) and (2.2) in two-dimensions, but it can be considered as a 1D problem, to
analyze the effects of the parameters used with various values, individually and together, on the solutions of the models.
The domain length in all problems is 1000 m, the width is 50 m, and the discretization is either 1x = 20 m or 1x = 2 m,
where we have used a uniform mesh. The density is ϱs = 1 in all the tests. The initial condition and boundary condition
(continuous inflow) are:
c(x, 0) = 0, c(0, t) = 1, c(1000, t) = 0.
For the outflow boundary there is the homogeneous Neumann condition. To avoid the time step restriction we will take
θ = 12 in our scheme (3.7).
Example 4 (Equilibrium Non-Linear Model, Single-Domain). In this example we show and investigate the influence of two
different nonlinear adsorption isotherms, Langmuir and Freundlich, for two values of diffusion D⃗ = 2m2/s and D⃗ = 20m2/s,
see the legends in Fig. 13. We will consider the following cases:
- pure advection–diffusion (reference case),
- linear adsorption K˜d = 1 (reference case),
- Freundlich isotherm f (c) = kF · ca, Kf = 1, a = 2(nonlinear, a > 1),
- Langmuir isotherm f (c) = KL s¯max c1+KLc , KL = 3, smax = 4/3.
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Fig. 14. Results of the co-domain (combination of non-equilibrium and linear equilibrium) model for various rate and adsorption/retardation parameters.
The computational results confirm the expectations, Fig. 13: for the Freundlich isotherm, the front becomes flatter, while
the back becomes steeper. For the first Langmuir isotherm, the part of curve for small c is active and it corresponds to linear
adsorption Kd = 1, for the second Langmuir isotherm, the part for large c is active and the results are close to the pure
advection–diffusion.
Example 5 (Combination of Non-Equilibrium and Linear Equilibrium Model, Co-Domain). In this example we illustrate the
effect of the parameter α (together with the parameter φ). For the parameter α we have two boundary cases:
(i) α →∞: no mobile-immobile interaction (slow exchange),
(ii) α → 0: equilibrium interaction (fast exchange).
In this exampleweuse a linear isotherm,wherewe can reformulate the (2.1) bymeans of the retardation factor R = nm+φKd
(the adsorption coefficients can be expressed also K˜d = φKd). Then we have R = 1+ K˜d in the time derivative term of (2.1).
It means that the solution in time domain (0, T ) is equivalent to a solution of the pure advection–diffusion problem in a
shorter time domain (0, TR ). In Fig. 14, we have
- In the first legend we have taken different adsorption fractions φ, ni = nm = 1.
- In the second legends, we have considered possible values of rate parameters α, ni = nm = 1.
- ADE - advection–diffusion equation with no interaction.
- ADE - advection–diffusion equation with retardation, ret = 2, 3.
- ‘‘MIM’’ mobile-immobile equations, where α = 1e − 2. Retardation caused by both adsorption and immobile zone,
ret = 3.
- ‘‘MIM’’ mobile-immobile equations, where α = 1e − 3. Retardation caused by both adsorption and immobile zone,
ret = 2.
The results in Fig. 14 confirm the expected behavior.
Example 6 (Combination of Non-Equilibrium and Non-Linear Equilibrium, Co-Domain). In this example we also study and
compare the behavior of the solutions usingnonlinear and linear adsorption isothermwithdifferent values to theparameters
φ and α (ni = nm = 1).
As mentioned above, retardation is given by the derivative of the isotherm. For the Langmuir isotherm, the derivative in
c = 0 is KLsmax and for c ≫ 1KL , the derivative is close to zero.
We will compare the following isotherms
- pure advection–diffusion (reference case)
- linear adsorption K˜d = 1 (reference case)
- Langmuir isotherm f (c) = KL s¯max c1+KLc , KL = 3, smax = 4/3.
Using the mentioned parameters in the legends, Fig. 15, which are:
- In the first and second legends we have taken different adsorption fractions φ, different values of rate parameter α and
Lagmuir and linear isotherm respectively.
- ADE — advection–diffusion equation with no interaction.
The results in Fig. 15 confirm the expected behavior.
6. Conclusion
Anumerical schemebasedon a combination of high order vertex-centered finite–volume–finite-element formulationhas
been considered. This scheme is a second-order accurate monotonic which controls the numerical diffusion and captures
the shock profile efficiently for linear and nonlinear models. This scheme is applied to solve the solute transport with non-
equilibriummobile and immobile zones and non-linear adsorption in both zones, and appears to be a useful generalization
of conceptual models of solute transport in porous and fractured rocks. We have shown that the numerical approaches
used for both cases separately can be combined into an efficient scheme. The presented computational tests document the
physical correctness of the results.
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